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Network reconstruction consists in determining the
unobserved pairwise couplings between N nodes
given only observational data on the resulting
behaviour that is conditioned on those couplings—
typically a time-series or independent samples from a
graphical model. A major obstacle to the scalability of
algorithms proposed for this problem is a seemingly
unavoidable quadratic complexity of 2(N?),
corresponding to the requirement of each possible
pairwise coupling being contemplated at least once,
despite the fact that most networks of interest are
sparse, with a number of non-zero couplings that
are only O(N). Here, we present a general algorithm
applicable to a broad range of reconstruction problems
that significantly outperforms this quadratic baseline.
Our algorithm relies on a stochastic second-neighbour
search that produces the best edge candidates with
high probability, thus bypassing an exhaustive
quadratic search. If we rely on the conjecture that
the second-neighbour search finishes in log-linear
time, we demonstrate theoretically that our algorithm
finishes in subquadratic time, with a data-dependent
complexity loosely upper bounded by O(N%?1og N),
but with a more typical log-linear complexity of
O(Nlog? N). In practice, we show that our algorithm
achieves a performance that is many orders of
magnitude faster than the quadratic baseline—in a
manner consistent with our theoretical analysis—
allows for easy parallelization, and thus enables
the reconstruction of networks with hundreds of
thousands and even millions of nodes and edges.
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1. Introduction

Networks encode the pairwise interactions that determine the dynamical behaviour of a
broad class of interconnected systems. However, in many important cases, the interactions
themselves are not directly observed, and instead we have access only to their indirect outcomes,
usually as samples from a multivariate distribution modelled as a probabilistic graphical
model [1-3], or from time-series data representing some dynamics conditioned on the network
structure [4,5]. Instances of this problem include the inference of interactions between microbial
species from co-occurrence data [6], financial market couplings from stock prices [7], protein
structure from amino-acid contact maps [8], gene regulatory networks from expression data
[9], neural connectivity from fMRI and EEG data [10] and epidemic contact tracing [11],
among others.

Perhaps, the most well studied formulation of the network reconstruction problem is
covariance selection [12], where it is assumed that the data consist of independent samples
of a multivariate Gaussian, and the objective is to infer its precision matrix—often assumed
to be sparse. The most widely employed algorithm for this purpose is the graphical LASSO
(GLASSO) [13] and its many variations [14,15]. More generally, one can consider arbitrary
probabilistic graphical models (also known as Markov random fields) [16], where the latent
network structure encodes the conditional dependence between variables. Covariance selection is
a special case of this family where the variables are conditionally normally distributed, resulting
in an analytical likelihood, unlike the general case which involves intractable normalization
constants. A prominent non-Gaussian graphical model is the Ising model [17], applicable for
binary variables, which has a wide range of applications.

The vast majority of algorithmic approaches so far employed to the network reconstruction
problem cannot escape a complexity of at least O(N?), where N is the number of nodes in the
network. The original GLASSO algorithm for covariance selection has a complexity of O(N3).
By exploiting properties that are specific to the covariance selection problem (and hence do
not generalize to the broader reconstruction context), the faster QUIC [18] and BIGQUIC [19]
approximative methods have O(N?) and O(NE) complexities, respectively, with E being the
number of edges (i.e. non-zero entries in the reconstructed matrix), such that the latter also
becomes quadratic in the usual sparse regime with E = O(N). Similarly, for the inverse Ising
model [17,20] or graphical models in general [16,21] no known method can improve on a O(N?)
complexity, and the same is true for reconstruction from time series [4,22]. To the best of our
knowledge, no general approach exists to the network reconstruction problem with a lower
complexity than O(N?), unless strong assumptions on the true network structure are made.
Naively, one could expect this barrier to be a fundamental one, since for the reconstruction
task—at least in the general case—we would be required to probe the existence of every possible
pairwise coupling at least once.

Instead, in this work, we show that it is in fact possible to implement a general network
reconstruction scheme that yields subquadratic complexity, without relying on the specific
properties of any particular instance of the problem. Our approach is simple and relies on a
stochastic search for the best update candidates (i.e. edges that need to be added, removed or
updated) in an iterative manner that starts from a random graph and updates the candidate
list by inspecting the second neighbours of this graph—an approach which leads to log-linear
performance [23-25]. Furthermore, every step of our algorithm is easily parallelizable, allowing
its application for problems of massive size.

This paper is organized as follows. In §2, we introduce the general reconstruction scenario,
and the coordinate descent (CD) algorithm, which will function as our baseline with quadratic
complexity. In §3, we describe our improvement over the baseline and analyse its algorithmic
complexity. In §4, we evaluate the performance of our approach on a variety of synthetic and
empirical data and, in §5, we showcase our algorithm with some selected large-scale empirical
network reconstruction problems. We finalize in §6 with a conclusion.
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2. General reconstruction scenario and the coordinate descent (CD) baseline

We are interested in a general reconstruction setting where we assume some data X are sampled
from a generative model with a likelihood

P(X|W), (2.1)

where W is a N x N symmetric matrix corresponding to the weights of an undirected graph of N
nodes. In most cases of interest, the matrix W is sparse, i.e. its number of non-zero entries is O(N),
but otherwise we assume no special structure. Typically, the data X are either a N x M matrix of
M independent samples, with Xj,, being a value associated with node i for sample m, such that

M
PXIW) = [ | PexmlW), (2.2)

m=1
with x;, being the mth column of X, or a Markovian time series with

M
PXIW) = [ ] Pmlxn-1, W), (2.3)
m=1
given some initial state xp. Our algorithm will not rely strictly on any such particular
formulations, only on a generic posterior distribution,

P(X|W)P(W)

(W) =P(W|X) = PX)

(2.4)
that needs to be computable only up to normalization. In appendix B, we list some generative
models that we use as examples in this work, but for now it is simpler if we consider the
generative model more abstractly. We focus on the maximum a posteriori point estimate

W= arg max i (W). (2.5)
w

For many important instances of this problem, such as covariance selection [12,13] and the inverse
Ising model [17], the above optimization objective is convex. In this case, one feasible approach is
the CD algorithm [26,27], which proceeds by iterating over all variables in sequence, and solving
a one-dimensional optimization (which is guaranteed to be convex as well), and stopping when
a convergence threshold is reached (see algorithm 1).

Algorithm 1. Coordinate descent (CD).

Input: Objective (W), initial state W), convergence criterion e
Output: Estimate W = arg max (W)
w

W+ Wy
repeat
A+0
for all ¢ < j do
W{j « arg maxyy,  m(W) >(1)
A%A+ |W2/j — W¢j|
Wij R Wi/j
until A < e
Wew

Algorithm 1 has complexity O(rN?); assuming step (1), corresponding to an element-wise
optimization, can be done in time O(1) (e.g. using bisection search),! where T is the number of
iterations required for convergence—which, in general, will depend on the particulars of the

!See appendix A for a discussion on the wide class of problems where this holds.
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problem and initial state, but typically we have v = O(1). We observe that in all our analyses we
assume that the initial state W corresponds to an entirely empty network with every entry being
equal to zero—corresponding to the worst-case scenario of maximum initial ignorance about the
network to be reconstructed.

Note that the CD algorithm does not require a differentiable objective = (W), but convergence
to the global optimum is only guaranteed if it is convex and sufficiently smooth [28]. In practice,
CD is the method of choice for covariance selection and the inverse Ising model, with a speed
of convergence that often exceeds gradient descent (which is not even strictly applicable when
non-differentiable regularization is used, such as L; of GLASSO [13]), since each coordinate can
advance further with more independence from the remaining ones, unlike with gradient descent
where all coordinates are restricted by the advance of the slowest one.

For a non-convex objective 7 (W), the CD algorithm will, in general, not converge to the global
optimum. Nevertheless, it is a fundamental baseline that often gives good results in practice even
in non-convex instances and can serve as a starting point for more advanced algorithms. In this
work, we are not primarily concerned with issues due to non-convexity, but rather with a general
approach that circumvents the need to update all (g] ) entries of the matrix W.

Our objective is to reduce the O(N?) complexity of the CD algorithm. But, before continuing,
we remark on the feasibility of the reconstruction problem, and the practical obstacle that this
quadratic complexity represents. At first, one could hypothesize that the size of the data matrix
X would need to be impractically large to allow for the reconstruction of networks with N in
the order of hundreds of thousands or millions. In such a case, a quadratic complexity would be
the least of our concerns for problem sizes that are realistically feasible. However, for graphical
models, it is possible to show that the number of samples required for accurate reconstruction
scales only with M = O(log N) [16,21,29-31], meaning that reconstruction of large networks with
relatively little information is possible. In view of this, a quadratic algorithmic complexity on
N poses a significant obstacle for practical instances of the problem, which could easily become
more limited by the runtime of the algorithm than the available data.

3. Subquadratic network reconstruction

As mentioned in the introduction, our approach consists of implementing a stochastic second-
neighbour search to find the entries of the matrix W that yield the largest improvement of
the objective function. We proceed in three steps, we define: (i) a greedy extension of the CD
algorithm 1 that updates only the best entries per iteration; (ii) a function that finds the best
entries to be updated according to an iterated search for the k nearest neighbours (KNNs) of each
node; and (iii) a function that solves the KNN problem in subquadratic time using a stochastic
second-neighbour search.

In the greedy extension of the CD algorithm 1 (GCD), we select only the kN entries of the
matrix W that would individually lead to the steepest increase of the objective function 7 (W), as
summarized in algorithm 2.

In this algorithm, the function FINDBEST(m, S, D) finds the set of m pairs (i, j) of elements in set
S with the smallest ‘distance” D(i,j) (which in our case corresponds to — maxyy 7(W)). Clearly,
for [«N7] >0, if the original CD algorithm converges to the global optimum, so will the GCD
algorithm. The function FINDBEST solves what is known as the m closest pairs problem [32].
In that literature, D(7,j) is often assumed to be a metric, typically Euclidean, which allows the
problem to be solved in log-linear time, usually by means of spacial sorting. However, this class
of solution is not applicable to our case, since we cannot expect that our distance function will,
in general, define a metric space. An exhaustive solution of this problem consists in probing all
(“g‘) pairs, which would yield no improvement on the quadratic complexity of CD. Instead, we
proceed by first solving the m closest pairs problem with an algorithm proposed by [33] that maps
it to a recursive KNN problem. The algorithm proceeds by setting k = [4m/|S|] and finding for
each element i in set S the KNNs j with smallest D(3, j). From this set of directed pairs, we select
the 2m best ones to compose the set D, and construct a set D with the undirected version of the
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Figure 1. Diagrammatic representation of the sets S and S” in algorithm 3 for k = 3. Edges marked in red belong to set D,
i.e. the 2m directed pairs (j, j) with smallest b(i, /). Note that reciprocal edges need not both belong to D, despite b(j, j) being
symmetric, since ties are broken arbitrarily. The nodes in red have all out-edges (nearest neighbours) in set D, and hence are
assigned to set S”. Since the set of m best pairs could still contain undiscovered pairs of elements in S”, the search needs to
continue recursively for members of this set.

Algorithm 2. Greedy coordinate descent (GCD).

Input: Objective (W), greediness factor &, initial state Wy, convergence criterion €
Output: Estimate W = arg max w(W)
w

W+ Wo
repeat
A+0
Epest < FINDBEST(|kN1,{1,...,N},D) > |Epest| = [ KN
for all (¢, j) € Epese do
W/, +arg maxyy,  m(W)
A A+ W] — Wil
Wij W
until A <e
W W

function D(¢, 7) > “Distance” function
t return — maxyy,, m(W)

pairs in D, such that m < |D| < 2m. At this point, we can identify a subset S’ of S composed of
nodes for which all nearest neighbour edges belong to D when their direction is discarded, as
shown in figure 1. Since these nodes have been saturated, we cannot rule out that the m closest
pairs will not contain undiscovered pairs of elements in set S’. Therefore, we proceed recursively
for &', and stop when |S |2 <4m, in which case the node set has become small enough for an
exhaustive search to be performed. This is summarized as algorithm 3, and a proof of correctness
is given in [33].

As we shall discuss in a moment, the recursion depth of algorithm 3 is bounded logarithmically
on |S|, and hence its runtime is dominated by the KNN search. Note that so far we have
done nothing substantial to address the overall quadratic performance, since finding the KNNs
exhaustively still requires all pairs to be probed. Similarly to the m closest pairs problem, efficient
log-linear algorithms exist based on spacial sorting when the distance is Euclidean; however more
general approaches do also exist. In particular, the NNDescent algorithm by Dong et al. [23]
approximately solves the KNN problem in subquadratic time, while not requiring the distance
function to be a metric. The algorithm is elegant and requires no special data structure beyond
the nearest neighbour graph itself, other than a heap for each node. It works by starting with a
random KNN digraph, and successively updating the list of best neighbours by inspecting the
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Algorithm 3. Find the m best edge candidates.

function FINDBEST(m, S, D)
if |S|? < 4m then
L return {m pairs (¢, ) of nodes in set S with smallest D(%, j) found by exhaustive search. }

> O(|SI?)
ke [4m/|S]]
G + FindKNN(k, S, D) > k-nearest neighbour digraph
DT < 2m directed edges (4, j) € G with smallest D(4, 7).
D + unique undirected pairs (i, 7) in DT >m < |D| < 2m

S+ {i€S|(i,j) € D,V out-neighbour j of i in G.}
D’ <+ FINDBEST(m, S’, D)
return {m pairs (i, j) in D U D’ with smallest D(i, j)}

Algorithm 4. Find KNNs by NNDescent.

Input: Convergence criterion ¢
function FINDKNN(k, V, D)
G < directed graph with node set V and k out-neighbours chosen uniformly at random independently
for all nodes.
repeat
A+0
G +G
U <+ undirected version of G
for all: €V do
for all j incident on i in U do
for all v incident on j in U do
if v =1 or (i,v) € G’ then
continue
1 ¢ arg max,, {D(i,u) | (i,u) € G'} > (1)
if D(7,v) < D(4, %) then
L Replace (4, @) with (i,v) in G’ > (2)
A—A+1

GG
until A/(E|V|) <e
return G

neighbours of the neighbours in the undirected version of the KNN digraph, as summarized in
algorithm 4. The main intuition behind this approach is that if (i,j) and (j, v) are good entries
to update, then (i, v) is likely to be a good candidate as well—even if triangle inequality is not
actually obeyed.

Steps (1) and (2) in the algorithm can be both performed in time O(1) by keeping a (e.g.
Fibonacci) heap containing the nearest k neighbours for each node. Thus, each full iteration of
algorithm 4 runs in time O(k?N), if the degrees of nodes in U are all O(k), otherwise it would
run in time O((q)N) where (g) is the average number of second neighbours in U. In case (7) > K2,
the inner loop is then modified to run over only the first k neighbours for each node, to preserve
the O(k>N) complexity, regardless of any structure that U may have. Although this algorithm
has seen wide deployment, in particular as part of the popular UMAP dimensionality reduction
method [34], and has had its performance empirically ‘battle tested” in a variety of practical
workloads, it has so far resisted a formal analysis of its algorithmic complexity. To date, the most
careful analyses of this algorithm observe that the number of iterations required for convergence
does not exceed 2[log,, N1 in empirical settings [25]. The intuitive reasoning is that the initial
random graph has as a diameter of approximately [log,, N1, and hence twice this is the number
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of steps needed for each node to communicate its neighbourhood to all other nodes, and for the
updated information to return.? This conjectured bound on the convergence results in an overall
O(k*Nlog N) complexity. However, this conjecture can only be rigorously proven on a version
of the algorithm where the second-neighbour search is replaced by a range query, and the data
are generated by a homogeneous Poisson process [24]. These conditions are not applicable to our
problem (and we do not assume them); however as we see in our numerical experiments, we
find robust evidence that it holds to the case of network reconstruction as well. This typical log-
linear complexity of the NNDescent algorithm is what finally enables us to escape the quadratic
complexity of the CD algorithm, as we demonstrate shortly.

Importantly, the NNDescent algorithm is approximative, as it does not guarantee that all
nearest neighbours are always correctly identified. Although in practice it often yields very good
recall rates [23], its inexact nature is not a concern for our purposes, since it does not affect the
correctness of our GCD algorithm: if an element of the best set &g in algorithm 2 is missed
at a given iteration, it will eventually be considered in a future iteration, owing to the random
initialization of algorithm 4. Our primary concern is only with the average speed with which
it finds the best update candidates. Nevertheless, as we show later, inaccuracies in the solution
of the KNN problem often disappear completely by the time algorithm 3 finishes (as the KNN
problem considers a much larger set of pairs than what gets eventually selected), such that the
recall rates for the m closest pairs problem approach the optimal values as the parameter « is
increased.

In figure 2, we show an example of the intermediate results obtained by our algorithm on
simulated data on an empirical network.

In appendix C, we list some low-level optimizations that can improve the overall performance
of the algorithm, including parallelization. A C++ implementation of the algorithm (with
OpenMP CPU parallelism) is available as part of the gr aph-t ool Python library [36].

(a) Algorithmic complexity

We now obtain the overall algorithmic complexity of our GCD algorithm. Since it consists in
repeatedly finding the best kN entries in the matrix W to be updated, its overall runtime will
depend crucially on the FINDBEST(kN, V, D) function defined in algorithm 3.

Lemma 3.1. Assuming the GCD algorithm 2 converges after t iterations, with t independent of N—
implying that there are at most O(N) non-zero entries in W—then its overall algorithmic complexity is
determined solely by the FINDBEST(kN, V, D) function.

Proof. At each iteration, algorithm 2 spends time T(N,m) on algorithm 3 to find the m =«N
best update coordinates and time O(«N) to actually update them. Therefore, the algorithmic
complexity per iteration will be given by T(N, ¥ N), since this is bounded from below by «N. If the
slowest execution of algorithm 3 takes time T(N, kN), then the overall algorithm has complexity
O(zT(N,«kN)) = O(T(N, kN)). [ ]

Lemma 3.2. Assuming the function FINDKNN(k, V, D) defined in algorithm 4, which implements
NNDescent [23], completes in time O(kleogN) (as comjectured in [24,25]), for N=|V|, then the
function FINDBEST(kN, V), D) completes in time

0 [(Z ;) KleogNi| , (3.1)

t=0

with sy = Nt /N, where Ny is the number of nodes being considered at recursion level t and t =r + 1 is the
first recursion level that results in Ny <2+/kN.

2We emphasize that this arguement relies on the initial random KNN graph having a small diameter, not the final KNN graph,
which can have an arbitrary structure. The initial random graph bounds how much information can be exchanged between
the nodes until convergence, whose speed is not affected by the final configuration, and hence we make no assumption on its
structure.
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(a) Random KNN graph (b) Result of NNDescent (c) Exact KNN graph

Iteration 1 Iteration 2 Iteration 3 Iteration 4

Figure 2. Example of our GCD algorithm for a covariance selection problem on a simulated dataset composed of M = 500
samples given a network of friendships among high-school students [35]. The panels show intermediary results of the algorithm,
starting from an empty network [i.e. Wj; = 0 for all (7, j)]. The top row shows (a) the random initialization of NNDescent
(algorithm 4) with k = 4, (b) itts final result, and (c) the exact result found with an exhaustive algorithm. The middle row shows
(d) the result of the m = kN best updates using algorithm 3 with x = 1and (e) the exact result according to an exhaustive
algorithm. The edge colours indicate the value of maxy, 7 (W). The bottom row shows the first four iterations of the G(D
algorithm.

Proof. Our proof follows closely [33], in which FINDKNN was required to finish in time
O(kN log N), instead of O(k®*N log N) as is expected for NNDescent.
When using NNDescent, algorithm 3 has a complexity given recursively by

T(N,m) = O(k*Nlog N + mlogm) + T(|S'|, m), (3.2)
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with k=4mN~"], and boundary condition T(N,m)= O(N?) if N2<4m (the m logm term
accounts for the sorting of the m pairs just before the function returns).
In general, ignoring an overall multiplicative constant, we can write

roo2
TN, m)=" %t log N; -+ ( + 1)m log m + O(m), (3.3)
t=0

where N; =|S;_; | is the number of nodes being considered at recursion t, with S; being the set
&' at recursion ¢ (assuming &’ ; =V) and t =r + 1 is the first point at which N; <2./m, and hence
the final recursion runs in time O(m). Introducing sy = N¢/N as the fraction of nodes at recursion
t, we can write

r r

T(N, kN) = k2N |:(10gN) > Sl +y k’fsf} + (r + 1)kN1log kN + O(kN). (3.4)

t
t=0 t=0

Since logs; <0 and 1/s; > 1, this will lead to an overall complexity of

T(N,kN)=0 [(Z ;) KleogN} . (3.5)

t=0

The prefactor in the above expression will, in general, depend on the data and the stage of the
algorithm, as we shall see.

We can now obtain a loose upper bound to the running time of FINDBEST by assuming the
worst case where the progression of the algorithm is (in principle) the slowest.

Theorem 3.3 (Upper bound on FINDBEST). Under the same conditions as in lemma 3.2, the
function FINDBEST(«N, V, D) completes in time upper bounded by

O(k3/?>N32?10g N). (3.6)

Proof. We first observe that we must always have s; <1 /2t, i.e. the number of nodes being
considered must decay at least exponentially fast with each recursion. This is because in
algorithm 3 we have |Dt+| > k|S;| and |Dt+| =2m, and thus Ny = |S[| <2m/k=2m/[4m/Ny] <
N;/2, and hence s;y1 <s;/2, which leads to s; <1/2 since sp = 1. Therefore, the worst case is
ste=1/2¢, giving us 3}_o1/st =Y j_o 2! =2+ — 1, and 2'*+! = \/N/4k, and hence a complexity
of

T(N, kN) = O(x**N*/?log N). (3.7)
[]

However, although already subquadratic, this upper bound is not tight. This is because it is
not in fact possible for the worst case sy =1 /2! to be realized at every recursion, and the number
of nodes being considered will generically decrease faster than exponentially. We notice this by
performing a more detailed analysis of the runtime, as follows.

Lemma 3.4. The worst case sy = 1/2! considered in the proof of theorem 3.3 is not realizable.

Proof. Let A be the graph consisting of N nodes and the m closest pairs we want to find as edges
(i.e. the output of the FINDBEST function). Further, let P(d) be the degree distribution of A (i.e. the
fraction of nodes with degree d), and F(d) = }_3._; P(d') the tail cumulative distribution function
of P(d). At recursion t, we discover at most k; = [4m/N;] = [4« /st] neighbours of each node in A.
Therefore, every node in A with degree d > k; will belong to set S; and be considered for the next
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recursion t + 1. This means that we can write
Niy1 = NF(ky), (3.8)
and dividing by N on both sides leads to

4k
sa=r (| 2]), 69)
St
which no longer depends on N.

At this point, we can see why the worst case s; = 1/2! considered for the upper bound in
theorem 3.3 is strictly impossible: it would correspond to F(d) =2« /d for d >4« (this can be
verified by inserting F(d) in equation (3.9) and iterating) which is incompatible with the mean
of P(d) being finite and equal to 2k—a requirement of the graph A having N nodes and m =«N
edges. We notice this by writing the mean as 2« =), dP(d) =) _;d[F(d) — Fd+ 1)]=)_4,Fd) -1,
and the fact that the sum ) 32, 1/d diverges. |

Given some valid F(d), we can obtain the prefactor in equation (3.5) using the fact that the
algorithm terminates when s,;1 < /4« /N, and therefore we can recursively invert equation (3.9)

as
1  F1(J/4/N
1_F (4%/N) (3.10)
Sy 4k
and )
1 F
T_F6u) o<t 3.11)
St 4k

The recursion depth and fraction of nodes considered will depend on the degree distribution of
A via F~1(z) and, therefore, it will vary for different instances of the problem.

We now consider a few representative cases for how the output of FINDBEST may be, and
consider their respective running times.

Theorem 3.5. If the output of FINDBEST(kN,V, D) consists of a d-reqular graph, then its running
time is O(/<2Nlog2 N).

Proof. If the graph A is d-regular, i.e. every node has degree of exactly 2« (assuming this
is an integer), corresponding to the extreme case of maximum homogeneity, this gives us
F(d) = {1if d < 2«,0 otherwise}, and, therefore, it follows directly from equation (3.9) that s; =0
for t > 0, and hence the overall complexity becomes simply

T(N,kN) = O(x*>Nlog N), (3.12)
corresponding to a single call of the KNN algorithm. [ |

We move now to a case with intermediary heterogeneity, with the output following a geometric
degree distribution.

Theorem 3.6. If the output of FINDBEST(«N,V, D) consists of a graph with a geometric degree
distribution P(d) = (1 — p)dp, with (1 — p)/p = 2k, then its running time becomes

O(x*>Nlog? N). (3.13)

Proof. A geometric distribution gives us F(d)=[2«/(2«x + 1)]4, and F1(z)= logz/log[2«/
(2¢ + 1)]. Inserting this in equation (3.11) yields

1 log \/N/(4«)

s drlogl(2x +1)/(2x)] OtlogN), (3-14)
1 log1/s, _
51 aclogie + 1o CloslosN) (315
and ! log1/s-1 = O(logloglog N), (3.16)

sr_2 Ak log[(2x + 1)/(2¢)]
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and so on, such that the term 1/s, dominates, giving us an overall log-linear complexity,
T(N,«N) = O(c>Nlog? N). (3.17)
|

This result means that for relatively more heterogeneous degree distributions we accrue only
an additional log N factor in comparison to the d-regular case, and remain fairly below the upper
bound found previously.

Based on the above, we can expect broader degree distributions in A to cause longer runtimes.
A more extreme case is given by the Zipf distribution, which we now consider.

Theorem 3.7. If the output of FINDBEST(«N, V, D) consists of a graph with Zipf degree distribution
P(d)=d~%/¢(«), where ¢ (a) is the Riemann zeta function, with a chosen so that the mean is 2« , then its
runtime becomes

O~ (/2= N1+(1/2@=1) 160 N), (3.18)

Proof. In this case, we can approximate F(d)=3Y3_;P(d)~¢(2)~! [ x“dxocd™®, and

F1(z) a2/, Substituting the above into equation (3.11), we get

T /1—
1_ (a/N) - O(Kﬁ*1N1/2(a—1)), (3.19)
Sy 4k
1 (st 1/2(1—a)-2n71/2(a—1)2
i O(k N ) (3.20)
r,
1 1/s,_ 1/a—1 .
and = (1/s 4:;1) — O /20— ~t=1N1 /21y (3.21)
r_

which is again dominated by 1/s,, and hence gives us
T(N, kN) = O(xc |~ (/2= N1+1/2@=D) 150 N). (3.22)
|

The value of « is not a free parameter, since it needs to be compatible with the mean degree 2«.
For very large 2« > 1, we have o — 2, and hence the complexity will be asymptotically similar to
the upper bound we found previously, i.e.

T(N,kN) = O(x/2N%/?1og N), (3.23)

although this is not how the algorithm is realistically evoked, as we need « =O(1) for a
reasonable performance. For example, if @ =5/2 we have 2« ~1.947, and hence a complexity of
O(k?/3N*/31og N), and for low 2« — 1 we have & — oo, yielding the lower limit

T (N, %) =O(NlogN), (3.24)

compatible with the d-regular case for d =1, as expected. Therefore, even in such an extremely
heterogeneous case, the complexity remains close to log-linear for reasonably small values of «.

We emphasize that the graph A considered for the complexity analysis above is distinct from
the final network W we want to reconstruct. The latter might have an arbitrary structure, but
the graph A represents only the updates that need to be performed, and it has a density which
is controlled by the parameter « of our algorithm. Thus, even if W has a very broad degree
distribution, the one we see in A will be further limited by the parameter « and for which updates
are needed by the GCD algorithm, and in general W and A will be very different from each other
(for an example, compare panels (d) and (f) in figure 2).

4. Performance assessment

We now conduct an analysis of the performance of our algorithm in a variety of artificial
and empirical settings. We begin with an analysis of the runtime of the FINDBEST function
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Figure 3. Runtime of the Findgest function (algorithm 3), for different values of «, on M =10 samples of a multivariate
Gaussian (see appendix B) on N nodes and non-zero entries of YA sampled as an Erd6s—Rényi graph with mean degree 5
and non-zero weights independently normally sampled with mean —10° and standard deviation 10, and diagonal entries
Wi = Zj 2i Wyl /(1 — €)? with € =107, The results show averages over 10 independent problem instances.

(algorithm 3) on M = 10 samples of a multivariate Gaussian (see appendix B) on N nodes and non-
zero entries of W sampled as an Erdés—-Rényi graph with mean degree 5. As we see in figure 3,
the runtime of the algorithm is consistent with a O(N log> N) scaling as obtained theoretically in
the previous section for a homogeneous update graph.

This kind of log-linear performance is promising for the scalability of the overall algorithm,
but it stills needs to be determined if the results of FINDBEST are sufficiently accurate for a
speedy progression of the GCD algorithm. In figure 4, we show the cumulative recall rates of
the exact best pairs obtained with an exhaustive algorithm, defined as the fraction of best pairs
correctly identified up to a given rank position (with the best pair having rank 1), for a variety
of empirical data. We observe in general very good recall rates, compatible with what is obtained
with the NNDescent algorithm [23]. Importantly, in every case we considered, we observed that
the cumulative recall values start at 1, meaning that the first best edges are always correctly
identified. For some data, the algorithm may falter slightly for intermediary pairs and a low «, but
increasing « has the systematic effect of substantially improving the recall rates (at the expense of
longer runtimes). We emphasize again that it is not strictly necessary for the FINDBEST function
to return exact results, since it will be called multiple times during the GCD loop, and its random
initialization guarantees that every pair will eventually be considered—it needs only to be able
to locate the best edge candidates with high probability. Combined with the previous result of
figure 3, this indicates that the fast runtime of the FINDBEST function succeeds in providing the
GCD algorithm with the entries of the W matrix that are most likely to improve the objective
function, while avoiding an exhaustive O(N?) search.

We can finally evaluate the final performance of the GCD algorithm by its convergence speed,
as shown in figure 5 for artificial and empirical data. For small data with N =100, we observe
only a modest improvement over the CD baseline, but this quickly improves for larger N: for
N =1000 we already observe a 100x runtime improvement, which increases to 1000x for N =
10000. Interestingly, we observe that the x =1 results show the fastest convergence, indicating
that the decreased accuracy of the FINDBEST function—resulting in it needing to be called more
often—is compensated by its improved runtime. For « = 10 we see that the speed of convergence
per iteration is virtually the same as the CD baseline, but it significantly outperforms it in real
time. This seems to demonstrate that, as expected for the reconstruction of a sparse network, most
O(N?) updates performed by the CD baseline algorithm are wasteful, and only a O(N) subset is
actually needed at each stage for the actual progression of the algorithm—which the FINDBEST
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Figure 4. Cumulative recall rates for the Findgest function for different values of « on a variety of empirical data and
reconstruction objectives, as shown in the legend (see appendix B). The results show averages over 10 runs of the algorithm.

function is capable of identifying in subquadratic time. We explore this in more detail in figure 6,
where we see that for ¥ > 2 the performance per iteration is virtually indistinguishable from the
CD baseline, but the runtime increases monotonically with « > 1 and decreases with < 1, giving
us an optimum at « =1, which we therefore judge to be the best initial value to be used in most
applications.

The above results are representative of what we have observed on a larger set of empirical
data (not shown). We were not able to find a single instance of an empirical or artificial scenario
that contradicts the log-linear runtime of the FINDBEST function, or where our algorithm does not
provide a significant improvement over the O(N?) CD baseline (except for very small N).

5. Empirical examples

We demonstrate the use of our algorithm with a few large-scale datasets, which would be costly
to analyse with a quadratic reconstruction algorithm. We showcase on the following:

(a) Earth microbiome project [41]

A collection of crowd-sourced microbial samples from various biomes and habitats across
the globe, containing abundances of operational taxonomic units (OTUs), obtained via DNA
sequencing and mass spectrometry. An OTU is a proxy for a microbial species, and a single
sample consists of the abundances of each OTU measured at the same time. This dataset consists
of M = 23828 samples involving N =317 314 OTUs.
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Figure 5. Convergence of the (D and GCD algorithms for artificial data sampled from a multivariate Gaussian (same
parameterization as figure 3 but with M = 100 samples) for three different values of the number of nodes N and values of
K, together with the (D baseline. The bottom panel shows the results obtained for empirical data for the human microbiome
samples of the elbow joint, using the Ising model.

<

£ 8000

g

=

Q

6000 ’\mﬁ_

#3000

2

> 2000 —

£

= 1000

=

& T T T T T
0 2 4 6 8 10

K

Figure 6. Speed of convergence of the GCD algorithm as a function of « for the same artificial data as in figure 5, for N = 10%,
The top panel shows the cumulative sum of the absolute values of A in algorithm 2, and the bottom panel the total runtime in
seconds until convergence. The solid lines correspond to k = 1.

(b) Human microbiome project [40]

A collection of microbial samples from 300 healthy adults between the ages of 18 and 40, collected
at five major body sites (oral cavity, nasal cavity, skin, gastrointestinal tract and urogenital tract)
with a total of 15 or 18 specific body sites. The abundances of OTUs were obtained using 16S
rRNA and whole metagenome shotgun (mWGS) sequencing. This dataset consists of M = 4788
samples involving N = 45383 OTUs.

For both co-occurrence datasets above, we binarized each sample as x; € {—1, 1}, for absence
and presence, respectively, and used the Ising model for the network reconstruction (see
appendix B). In this case, the matrix W yields the strength of the coupling between two OTUs,
and a value Wj; = 0 means that OTUs i and j are conditionally independent from one another.

(c) Animal gene expression database COXPRESdb [39]

This database consists of genome-wide gene expression reads for 10 animal species as well as
budding and fission yeast. Each gene expression sample was obtained using RNAseq, with read
counts converted to base-2 logarithms after adding a pseudo-count of 0.125, and batch corrected
using Combat [42]. We used the nematode dataset, consisting of M = 1357 samples of N = 17256
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(a) Earth microbiome (b) Human microbiome (c) Nematode gene expression
(N =317,314, M = 23,828) (N =45,383, M =4,788) (N =17,256, M =1,357)

Figure7. Reconstructed networks for the empirical datasets described in the text, as shown in the legend, using the Ising model
for (a) and (b), and multivariate Gaussian for (). The edge colours indicate the magnitude of the entries of the TA” matrix. Nodes
with degree zero were excluded from the visualization.

genes. For this dataset, we used the multivariate Gaussian model (see appendix. B), where the
matrix W corresponds to the inverse covariance between gene expression levels (also known
as precision matrix). In this case, the partial correlation between two genes, i.e. their degree of
association controlling for all other genes, is given by —Wj;/, /W;Wj;, so that gene pairs with
Wi; =0 are conditionally independent.

The reconstructed networks for all three datasets are shown in figure 7. They all seem to
display prominent modular structure. In the case of microbial co-occurrence datasets the clusters
correspond mostly to different habitats and geographical regions for the earth microbiome, and
to different body sites for the human microbiome.

6. Conclusion

We have described a method to reconstruct interaction networks from observational data that
avoids a seemingly inherent quadratic complexity in the number of nodes, in favour of a
data-dependent runtime that is typically log-linear. Our algorithm does not rely on particular
formulations of the reconstruction problem, other than the updates on the edge weights being
done in constant time with respect to the total number of nodes. Together with its straightforward
parallelizability, our proposed method removes a central barrier to the reconstruction of large-
scale networks and can be applied to problems with a number of nodes and edges on the order
of hundreds of thousands, millions or potentially even more depending on available computing
resources.

Our algorithm relies on the NNDescent [23] approach for approximate KNN search. Despite
the robust empirical evidence for its performance, a detailed theoretical analysis of this algorithm
is still lacking, in particular of its potential modes of failures. We expect further progress in this
direction to elucidate potential limitations and improvements to our overall approach.

In this work, we focused on convex reconstruction objectives, such as the inverse Ising
model and multivariate Gaussian with L; regularization. More robust regularization schemes or
different models may no longer be convex, in which case CD will fail, in general, at converging to
the global optimum. However, it is clear that our strategy of finding the best edge candidates in
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subquadratic time is also applicable for algorithms that can be used with non-convex objectives,
such as stochastic gradient descent or simulated annealing. We leave such extensions for future
work.
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Appendix A. Single entry updates

In the main text, it is assumed that a single coordinate update of the matrix W, i.e. Wij — Wlf., can
be performed in constant time O(1) with respect to the number of nodes N. This is feasible, for
example, when the likelihood of equation (2.1) can be written as a function of the weighted sum
of the states of the neighbours, 1; = Z]- Wiix;. For example, for a Markovian dynamical model this
means that the probability of transition from state x;; to x;,41 can be written in the general form

N
P(xy4112m, W,0) =] | P (xl,m+1
i=1

Zj Wjixjm/0> , (A1)

where 6 is an arbitrary set of additional parameters. In this case, a constant time update W;; — W; j
can be computed simply by keeping track of the quantities u;, = }_; W;ix;,, at all times, since the
change of a single entry Wj; will only affect the values u;,, and u;;, (assuming W is symmetric), for
every m. The form of equation (A1) encompasses a wide array of standard dynamical network
models, including binary state models such as epidemic models [37,43], the kinetic Ising model
(Glauber dynamics), the voter model, boolean threshold models and several others [44], as well
as a very large class of differential equation models (including, e.g. generalized Lotka—Volterra
systems [45] and coupled Kuramoto oscillators [46]). The form of equation (A 1) also describes the
pseudolikelihood approximation [47] for pairwise graphical models. Because of this, we expect
that the scenario considered in the main text to be widely representative of network reconstruction
problems.

Nevertheless, for problems that lie outside of the aforementioned class, if a single coordinate
update has an arbitrary algorithmic complexity given by A(N), then the CD baseline would
have an overall complexity of O(A(N YN2), while our improved algorithm would have a typical
complexity of O(A(N)N log2 N), thereby providing precisely the same relative speedup.

Appendix B. Generative models

In our examples, we use two graphical models: the Ising model [17] and a multivariate Gaussian
distribution [12]. The Ising model is a distribution on N binary variables x € {—1, 1} given by
P 6 o< Wikixj+3_; 0 51
(xIW,0) = W/ (B1)
with 6; being a local field on node i and Z(W,0) =", i< Wikt i 0% 4 normalization constant.
Since this normalization cannot be computed in closed form, we make use of the pseudolikelihood
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approximation [47],

P(x|W,0) = [ [ P(xilx \ x;, W, 6) (B2)

&5 Wixj+61)

- H 2cosh(3_; Wijx; + 6) ’

i

(B3)

as it gives asymptotically correct results and has excellent performance in practice [17]. Similarly,
the (zero-mean) multivariate Gaussian is a distribution on x € RN given by

ef%xTWx

Jeonw1

where W is the precision (or inverse covariance) matrix. Unlike the Ising model, this likelihood
is analytical—nevertheless, the evaluation of the determinant is computationally expensive, and
therefore we make use of the same pseudolikelihood approximation [48],

P(x|W) = (B4)

—(xi+02 Y i Wijxj)? /207

PW,0) =] ° = , (B5)

i
where we parameterize the diagonal entries as 6; =1//Wj;.

In both cases, we have an additional set of N parameters § which we update alongside the
matrix W in our algorithms. Updates on an individual entry Wj; of W can be computed in
time O(1) (independently of the degrees of i and j in a sparse representation of W) by keeping
track of the weighted sum of the neighbours m; =} _._.; Wjx; for every node and updating it as
appropriate.

For both models, we use a Laplace prior,

[Tioj re il

2
which provides a convex L1 regularization with a penalty given by 2, chosen to achieve a desired
level of sparsity via k-fold cross-validation (in our experiments we chose k =5). This prior is not

ideal, as it tends to cause overfitting. In [49], we provide a more robust alternative that can also
be used with our proposed algorithm.

P(W|r) = (B6)

Appendix C. Low-level optimizations

Below, we describe a few low-level optimizations that we found to give good improvements to
the runtime of the algorithm we propose in the main text.

(a) Caching

The typical case for objective functions (W) is that the computation of maxyy, (W) will require
O(M) operations, where M is the number of data samples available. Since this computation is
done in the innermost loops of algorithm 4, it will amount to an overall multiplicative factor of
O(M) in its runtime. However, because the distance function D(7, j) will be called multiple times
for the same pair (i, j), a good optimization strategy is to cache its values, for example in a hash
table, such that repeated calls will take time O(1) rather than O(M). We find that this optimization
can reduce the total runtime of algorithm 4 by at least one order of magnitude in typical cases.

(b) Gradient as distance

The definition of D(i, j) = — maxw, 7 (W) is sufficient to guarantee the correctness of algorithm 3,
but in situations where it cannot be computed in closed form, requiring for example a bisection
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search, a faster approach is to use instead the absolute gradient D(i,j) = —|d/dW;;log = (W)],
which often can be analytically computed or well approximated with finite difference. In general,
this requires substantially fewer likelihood evaluations than bisection search. This approach is
strictly applicable only with differentiable objectives, although we observed correct behaviour for
Li-regularized likelihoods when approximating the gradient using central finite difference. We
observed that this optimization improves the runtime by a factor of approximately six in typical
scenarios.

(c) Parallelization

The workhorse of the algorithm is the NNDescent search (algorithm 4), which is easily
parallelizable in a shared memory environment, since the neighbourhood of each node can be
inspected, and its list of nearest neighbours can be updated, in a manner that is completely
independent of the other nodes, and hence requires no synchronization. Thus, the parallel
execution of algorithm 4 is straightforward.

The actual updates of the matrix W in the GCD algorithm 2 can also be done in parallel,
but that requires some synchronization. For many objectives 7(W), we can only consider the
change of one value Wj; at a time for each node 7 and j, since the likelihood will involve sums
of the type m; = Z]‘ Wl-jx]- for a node i, where x;j are data values. Therefore, only the subset of
the edges Epest in algorithm 2 that are incident to an independent vertex set in the graph will be
able to be updated in parallel. This can be implemented with mutexes on each node, which are
simultaneously locked by each thread (without blocking) for each pair (i, j) before Wj; is updated,
which otherwise proceeds to the next pair if the lock cannot be acquired. Empirically, we found
that is enough to keep up to 256 threads busy with little contention for N > 10* with our OpenMP
implementation [36].
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